VOLUME COLLAPSED THREE-MANIFOLDS 
WITH A LOWER CURVATURE BOUND 



TAKASHI SHIOYA AND TAKAO YAMAGUCHI 

Abstract. In this paper we determine the topology of three- 
dimensional closed orientable Riemannian manifolds with a uni- 
form lower bound of sectional curvature whose volume is suffi- 
ciently small. 



1. Introduction 

As a continuation of our investigation [Oj of collapsing three-manifolds 
with a lower curvature bound and an upper diameter bound, we study 
the topology of a three-dimensional closed Riemannian manifold with 
a lower curvature bound whose volume is sufficiently small, where we 
assume no upper diameter bound. 

A closed three-manifold is called a graph manifold if it is a finite 
gluing of Seifert fibered spaces along their boundary tori. 

Theorem 1.1. There exist small positive numbers eo and 6q such that 
if a closed orientable three-manifold M has a Riemannian metric with 
sectional curvature K > —1 andvol{M) < cq, then one of the following 
holds: 

(1) M is homeomorphic to a graph manifold; 

(2) diam(M) < Sq and M has finite fundamental group. 

It was shown in that in the case of (2) in Theorem II. If M is 
homeomorphic to an Alexandrov space with nonnegative curvature. 

Theorem 11.11 determines the possible topological type of M if M 
has not so small diameter. In fact, from pi, every three-dimensional 
graph manifold M has a Riemannian metric with sectional curvature 
\Kg^\ < 1, diam(M, > 60 and vo\{M,g^) < e for each e > 0. 

In the bounded curvature case, it follows essentially from that if 
a closed three- manifold has a Riemannian metric with li^l < 1 whose 
volume is sufficiently small, then it is a graph manifold. 

The strategy of our proof is as follows: We assume M has large di- 
ameter which is the essential case. Applying our previous work jH], 
we obtain a local fiber structure on a neighborhood Bp of each point 
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p & M over a metric ball Xp in some Alexandrov space with curvature 
bounded below, where dimXp G {1, 2}. If dimXp = 2, we have a local 
S'^-action on Bp. If dimXp = 1, we have a (singular) sphere or torus 
bundle structure on Bp over the closed interval Xp, and Bp is home- 
omorphic to one of six compact three-manifolds, which will be called 
cylindrical if it is homeomorphic to either S*^ x J or x /, or cylindrical 
with a cap if it is homeomorphic to D^, P^xl, x or K'^xl, where 
X indicates the twisted product. Using those local data, we decompose 
M into two parts as M = f/i U U2, where Ui is a closed domain which 
looks one-dimensional and U2 is one which looks two-dimensional, in 
the Gromov-Hausdorff sense. More precisely, Ui is defined as the union 
of all Bp with area of Xp sufficiently small. Applying the critical point 
theory for distance functions, we conclude that each component of Ui 
is either cylindrical or cylindrical with a cap. We shall construct a lo- 
cal 5'^-action on the remaining piece tJ2, from which a graph manifold 
structure on M is obtained. To do this, we need a gluing procedure, 
which is the main part of the present paper. To make the gluing pro- 
cedure explicit and clear, we give quantitative descriptions of the local 
fibering Bp — > Xp using the geometric properties of fibers in fTIJj and 
[TT] over a regular part of Xp. Here the notion of strain radius comes 
in to control the behavior of the regular fibers. This forces us to ob- 
tain a sort of compactness of the set of regular parts of X^'s with Bp 
meeting U2. This is the reason why in the decomposition M = U1UU2 
a neighborhood Bp is included in the one-dimensional part Ui even if 
dimXp = 2 when Xp has a small area. 

The organization of this paper is as follows: In Section El we first 
establish a uniform lower bound on the strain radii of regular parts 
of Xp's with Bp meeting U2, and then provide some basic properties 
of Alexandrov surfaces to show that there are a lot of possibilities for 
the choices of the metric ball Xp with boundary having nice geometric 
properties. In Section 01 we describe the geometry and topology of 
the local fibering Bp Xp in detail. In Section 01 using these fiber 
structure we have the decomposition M = Ui U U2 and determine 
the topology of Ui. In Section we provide a preliminary gluing 
argument for the construction of local S'^-action on U2. The gluing 
procedure is completed in Section IHl In Section [3 we discuss a thick- 
thin decomposition of a closed orientable Riemannian three-manifold 
with a lower curvature bound. 

An announcement in Perelman's paper J7] has recently been come to 
our attention. He claims that if a three-manifold collapses under a local 
lower sectional curvature bound, then it is a graph manifold (Theorem 
7.4). This result also follows from the argument in our Theorem 11.11 
without the extra assumption (3) there, since our gluing argument in 
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Sections El and 10 is only local (see also Section IH)). The authors do not 
know his proof of the statement above, up to now. 

Acknowledgment. The authors would like to thank Grisha Perelman 
for correcting our claim in the first draft, on the relation between his 
Theorem 7.4 and our result, as above. The second author would like 
to thank John Morgan and Xiaochun Rong for the discussion at the 
American Institute of Mathematics, Palo Alto. 

2. Strain radii and geometry of Alexandrov surfaces 

We discuss some basic properties of strain radii and metric balls in 
Alexandrov surfaces with curvature bounded below. See ^ for general 
facts on Alexandrov spaces. 

Let X be an m-dimensional complete Alexandrov space with curva- 
ture bounded below, say, curvature > —1. For two points x,y in X, 
a minimal geodesic joining x to y is denoted by xy. The angle be- 
tween minimal geodesies xy and xz is denoted by Zyxz. For a geodesic 
triangle Axyz in X with vertices x, y and z, we denote by Zxyz the 
corresponding angle at y of a comparison triangle Axyz for Axyz in 
the hyperbolic plane of constant curvature —1. 

For S > 0, the S-regular set Rs{X) is defined as the set of points 
p E X such that there exists m pairs of points, {ai,bi), 1 < i < m, 
called a S -strainer at p, such that 

Zaipbi > TT — 5, Zaipaj > tt/2 — 6, 

Zhiphj > 7r/2 — 5, Zaipbj > 71/2 — 6, 

for every i ^ j. The number mm {d{ai,p),d{bi,p) \1 < i < m} is 
called the length of the strainer. The 5-strain radius at p, denoted by 
5-str. rad(p), is defined as the supremum of such r > that there exists 
a (5-strainer at p of length r. For a closed domain D of Rs{X), the 5- 
strain radius of D, denoted by 5-str. rad(D), is defined as the infimum 
of 5-str. rad(p) when p runs over D. It should be noted that the notion 
of strain radius is a natural generalization of that of injectivity radius 
for Riemannian manifolds. 

For 1 < n < m, an (n, 5)-strainer at p is defined by n pairs of points, 
{(aj,6j)}, satisfying the same inequalities as above. 

For a subset C of X, we denote by B{C, r) or B{C, r; X) the closed 
metric r-ball around C and by S{C, r) or S{C, r; M) the metric r-sphere 
around C. For r < R, A{C;r,R) denotes the closure of B{C,R) — 
B{C,r). 

Lemma 2.1. For any m, a > 0, d > 0, r > and 6 > 0, there exists 
a positive number s = 5) such that if B is a metric ball in 

an m-dimensional complete Alexandrov space X with curvature > — 1 
satisfying 

(2.1) area(S) > a, diam(S) < d, 
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then the closure D of B — B{Ss{X),r) has a definite lower bound for 
the strain radius: 

(2.2) 5-str. rad(D) > s. 

Proof. Certainly we have a positive number sx depending on X with 6- 
str. Ta.d{D) > sx- Since the set of all isometry classes of m-dimensional 
compact Alexandrov spaces satisfying ()2.1|1 is compact with respect to 
the Gromov-Hausdorff distance, this provides a uniform positive lower 
bound Sm{cL, d, r, S) for all sx- □ 

Thus the domain D has "bounded geometry" in the sense of ()2.2|) . 
This elementary fact is important in our gluing argument in Sectional 

The complement Ss{X) := X — Rs{X) is called the 6 -singular set. 
Setting ^^(intX) := Ss{X) n intX, we note that Ss{X) = ^^(intX) U 
dX. Let ES{mtX) denote the essential singular set of intX, i.e., the 
set of points p G int X with radius 

rad(Sp) := min max d{C, , rj) < 7r/2. 

From now on, we assume m = 2. Then X is known to be a topological 
two- manifold possibly with boundary. Moreover ^^(intX) is discrete 
for any 6 > 0. 

Lemma 2.2. For any p & X , S > and D > 0, the number of elements 
of Ss{int X) n B{p,D) has a uniform upper bound Const{S, D) . 
In particular we have 

i^{ES{mtX)r]B{p,D)) < Const(D). 

This follows from an argument similar to Corollary 14.3 of [9 , and 
hence the proof is omitted. 

For every p & X , dp denotes the distance function from p. dp is 
called regular at a point g 7^ p if there exists a ^ G Sg such that the 
directional derivatives of dp satisfies dp{^) > 0. 

Lemma 2.3 ([HI)- Por a fixed p E X , there exists a set £ C (0, 00) of 

measure zero such that for every t G (0, 00) — £ 

(1) t is a regular value of dp, 

(2) B{p,t) is a topological manifold with {possibly empty) rectifiable 
boundary. 

As a consequence of Lemmas 12.21 and 12.31 we have 

Corollary 2.4. There exists a positive number a = cr(5) satisfying the 
following: For every Alexandrov surface X as above with diam(X) > 2, 
for every p E X and for every t G [1/2, 1], there exists p G (t — 10~^,t + 
10~^) such that 

(1) B{p,p) is a topological manifold; 

(2) B{S{p, p), a) nintX cRsiX); 

(3) B{S{p, p),a) is homeomorphic to S{p,p) x (0,1). 
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Proof. The existence of a satisfying (1) and (2) above is immediate 
from Lemmas 12.21 and 12.31 For (3), it suffices to prove that for every 
R> there exists a positive constant const (i?) such that if B{p, R) is 
a topological manifold, then the Euler number satisfies x{B{p, R)) > 
— const (i?). Suppose this does not hold. Then we have a sequence 
{Xi,pi) of pointed Alexandrov surfaces with curvature > —1 with uni- 
formly bounded Ri such that 

(1) B{pi,Ri) is a topological manifold ; 

(2) x{B{p„R,)) ^-oo. 

We may assume that {Xi,pi) converges to a pointed Alexandrov surface 
{X,p). If dimX = 1, it is not hard to see that B{pi,Ri) is either a 
cylinder or a Mobius band. If dimX = 2, then take an R with Ri < R 
for every i and choose a regular value S of dp with S > R such that 
B{p,S) is a topological manifold. Then B{pi,S) is homeomorphic to 
B{p, S) by the stability result (see 0). This is a contradiction. □ 

In what follows, we let 6* := S, which is a sufficiently small positive 
number determined later on in ()5.2j) . We also denote the constant cr 
given in Corollarv 12.41 bv 

(2.3) a* := a{6*). 

3. Local structure 

A local S'^-action ^ on a three-manifold M possibly with boundary 
consists of an open covering {Ua} of M and a nontrivial S'^-action ipa on 
each Ua such that both the actions ipa and ipis coincide up to orientation 
on the intersection Ua H ?7g. Let X := M/S^, and ir : M ^ X he the 
projection. X is a topological two- manifold (see |3] for instance). 

Set 

(3.1) doX := 7r{dM), d,X := dX - doX. 

The fixed point set of ip coincides with d^X. 

Lemma 3.1. If a compact three-manifold M admits a local -action 
with no singular orbits on DM , then it is a graph manifold. 

Proof. Note that each component C of is a circle. Take a small 
collar neighborhood E{C) of C in X. Then N{C) := 7t-\E{C)) is a 
solid torus. Setting 

Xo := X - IJint Ar(C), Mo := n-\Xo), 

c 

we have the decomposition 

M = MoU (ijAr(C)), 

c 

where C runs over all the components of c?*X. Since Mq is a Seifert 
fibered space over Xq, M is certainly a graph manifold. □ 
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In what follows, let M denote an orientable closed Riemannian man- 
ifold of dimension three satisfying 



(3.2) 



K> -I 



vol(M) < e. 



We shall determine the geometry and topology of local neighbor- 
hoods of M. First we recall the topological structure result for such an 
M when it has uniformly bounded diameter. 

Theorem 3.2 ([9J). For a given D > 0, there exists a positive constant 
t{D) > satisfying the following: If M satisfies diam(M) < D and 
()3.2|) with e < e{D), then there exists a {possibly singular) fibration 
f : M ^ X, where X is a compact Alexandrov space with curvature 
> — 1 and dimX < 2. The fiber structure of M can be described in 
more detail as follows: 

(1) If dim. X = 2, then f is defined by a local S^-action on M with 
a possible exceptional orbit over a point in ES{mtX). 

(2) Let dimX = 1. If X is a circle, then M is either a sphere- 
bundle or a torus-bundle over X . If X is a closed interval, 
then M is a gluing of U and V along their boundaries, where U 
and V are ones of and P^xl or ones of x and K^xl. 

(3) // dim X = 0, then a finite cover of M is homeomorphic to 

X S"^, T^, a nilmanifold or a simply connected Alexandrov 
space with nonnegative curvature. 

The case when X is a circle was proved in [JUj , and the essential part 
of the case of dimX = was proved in j^j. 

By Lemma [3. H a three- manifold M satisfying one of the conclusions 
in Theorem 13.21 is a graph manifold except the case when M has finite 
fundamental group and dimX = 0. We also obtain some universal 
positive constants 6o and eo such that if M satisfies diam(M) < 6o and 
vol(M) < eo, then M is homeomorphic to one of the spaces in Theorem 
13.21 (3). Thus Theorem 11.11 certainlv holds in the bounded diameter 
case. Therefore from now we assume that M has large diameter: 



We now determine the topology of a local neighborhood of each point 
of M. 

A submersion f : M ^ N between Riemannian manifolds is called 
an e- almost Riemannian submersion if 

(1) the diameter of every fiber of / is less than e; 

(2) for every point p E M and every tangent vector ^ at p that is 
normal to the fiber f~^{f{p)), 



(3.3) 



diam(M) > 1. 



M/(OI 



1 < e. 



1^1 
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Note that an e-almost Riemannian submersion is a fiber bundle map 
since it is proper. 

We denote by r(e) (resp. 'r(r|e)) a function of e (resp. of r and e) 
with lim^^QT^e) = (resp. lim^^QT{r\e) = for each fixed r). 

The following is a quantitative version of Theorem 13.21 (2) (see |inj). 

Corollary 3.3. There exists a positive number el such that if a closed 
three-manifold M with K > —1 satisfies dcH{M,I) < e* for some 
closed interval I of length > 1/2, then there exists a singular fibration 
f : M ^ I as in Theorem \3.^^ such that 

(1) the diameter of every fiber of f is less than T(e*); 

(2) the restriction of f to Ir is a T{r\el)-almost Riemannian sub- 
mersion, where r > and Ir := {x G / | d{x, dl) > r}. 

Later we shall take e* such as ^ cr* (see ()4.5|) ). The final choice 
of e* will be determined at the end of Section 

Let a* be a positive number such that if 5 is a metric p-ball with 
l/10<p<lina complete Alexandrov surface X with curvature > — 1 
and area(i?) < a*, then 

(3.4) dGHiB,I)<el/2, 

for some closed interval /. 

A surjective map f : M X between Alexandrov spaces is called 
an e-almost Lipschitz submersion if 

(1) the diameter of every fiber of / is less than e; 

(2) for every p,q & M, if 6 is the infimum of Zqpx when x runs 
over f~^{f{p)), then 

d{p, q) 

Remark that the notion of e-almost Lipschitz submersion is a general- 
ization of e-almost Riemannian submersion. The following result was 
proved in Theorem 0.2 of ill] (see also Theorem 2.2 of 

Theorem 3.4 (^I]). For given m and s > there exists u > sat- 
isfying the following: Let X be an m- dimensional complete Alexan- 
drov space with curvature > —1 and with 5*-str. rad(X) > s. Then 
if the Gromov-Hausdorff distance between X and a complete Riemann- 
ian manifold M with K > —1 is less than u, then there exists a 
(r((5*) + T{s\h'))-almost Lipschitz submersion f : M ^ X which is 
a locally trivial bundle map. 

The following is a localized and quantitative version of Theorem 13.21 

Theorem 3.5. For every r > 0, there exists a positive constant eo = 
eo{a*,r,6*) satisfying the following: For every M satisfying ()3.2j) and 
()3.3|) with e < eo and for every p G M, there exist closed domains Bp 
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and iSp around p and a pointed complete Alexandrov space (X, xq) with 
curvature > —1 and dimX G {1,2} such that 

(1) Bp and Bp are small perturbations of metric balls around p and, 
B{p, 1/2) cBpCBpC B{p, I), Bp- int Bp ~ dBp x J; 

(2) Bp and Bp have fiber structures over concentric metric balls 
Xp C Xp in X around xq] 

(3) 5(xo, 1/2) dXpdXpd Bixo, I), Xp-Xp ~ doXp x I, 
where do denotes the topological boundary. 

Moreover the fiber structure on Bp in (2) can be described as follows: 
Let TTp : {Bp, Bp) {Xp, Xp) be the fiber projection, and let 

difXp := dXp — d^Xp. 

be defined as in fl3.H) . 

Case {A) dimXp = 1. {Xp is a closed interval I in this case). 

{a) dGH{Bp,Xp) < t\, and the diameter of every fiber of iTp is less 
than T{el); 

{b) The restriction of Tip to Ij. is a T{r\t()- almost Riemannian submersion; 
(c) If dtfXp is empty, then Bp is homeomorphic to either I x S'^ or 
I X 

{d) If d^Xp is nonempty, then Bp is homeomorphic to one of D^, 
P^xl , X D'^ andK'^xI. 

Case (5) dimXp = 2. 

(a) dGH{Bp, Xp) < r(e), and the length of every fiber of Tip is less 

than r(e); 
(6) B{Bp,a*)(lBp(lB{Bp,2a*); 
(c) B{dXp, 2a*) n int X C i?^. (X); 
{d) B{doXp,2a*) is homeomorphic to doXp x (0, 1); 
(e) D := Xp — B{Ss*{X),r) satisfies 

{{) 5*-str. rad(D) > s, where s = S2{a*, l,r,S*) is the constant 

as in Lemma \2. 1\ 
{a) the restriction of Tip to D is {t {5*) +T{s\t))- almost Lips chitz 
submersion which is an -bundle; 
if) gives a local -action on Bp whose fixed point set corre- 
sponds to d^Xp, where there is a possible exceptional fiber over 
a point X G Xp only when x G ES{m.i X). 

Proof. Suppose the theorem does not hold. Then there exist sequences 
Cj — > and Mj satisfying ()3.2|1 for and ()3.3j) such that for some 
Pi G Mi, B{pi,l) does not contain closed domains satisfying the above 
conclusion. Passing to a subsequence if necessary, we may assume that 
{Mi, Pi) converges to a pointed complete Alexandrov space (X, xq) with 
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curvature > —1. Observe 1 < dimX < 2. In view of Corollarv 12.41 
it is possible to take metric balls Y G Y of X around Xq which are 
topological manifolds, satisfying 

(1) B{xo, 1/2) C r C B{Y, a*)cY C B{Y, 2a*) C B{xo, 1); 

(2) B{doY,2a*)r\mtX C Rs^X); 

(3) BIOqY, 2a*) is contained in a neighborhood of OqY homeomor- 
phic to OqY X (0, 1); 

(4) r - r ~ doY X /. 

If area(y) < a*, then (Y, Y) are Gromov-Hausdorff close to some closed 
intervals (/, /), and we put Xp := /, Xp := I in this case. If area(y) > 
a*, then we put Xp := Y and Xp := Y. By Theorem 13. 2| Corollarv 13.31 
and Theorem 13.41 together with Lemma \2.1\ we obtain closed domains 
Bi and Bi with B{pi, 1/2) C Bi C Bi C B{pi, 1) such that Bi and Bi 
are fiber spaces over Y and Y respectively as described above satisfying 
all the conclusions, which is a contradiction. □ 

Remark 3.6. (1) The several geometric properties of Bp C Bp and 
Xp C Xp in Theorem 13.51 will be needed in the gluing argument 
later on. 

(2) We will also need to consider a slight deformation of Xp C Xp 
according to requirements. 

From now on, we put 

(3.5) r:=a*/im, s := ^2(0*, 1, r, 5*). 

Then the constant eg = eo(a*,r, 5*) in Theorem 13.51 will become uni- 
versal (see the end of Section El). 

We now recall basic geometric properties of the regular fibers of Hp. 

Definition 3.7. For a point p E M suppose that there is a {2,6*/2)- 
strainer {{aj,bj)} at p of length > s/2. Then the subspace of the 
tangent space at p generated by the directions of minimal geodesies 
joining p to ai and 02 is called a horizontal subspace at p. Let a small 
circle F in M be given in such a way that for every p E F there is 
a (2, (5*/2)-strainer at p of length > s/2. For r > 0, F is called r- 
perpendicular to horizontal suhspaces if for each point p E F, the angle 
9 between F and every horizontal subspace at p satisfies 

1^ - 7l/2\ < T. 

Lemma 3.8 (TU],'TT'). Let -Kp : Bp ^ Xp and D C Xp {resp. Ir C Xp) 
be as in Theorem \S.,^ For every x & D {resp. x G Ir) and q G tt'^^x), 
the following holds: 

(1) For every q'with d{q,q') > r, the angle 9 between T{p^{x) and 
every minimal geodesic joining q to q' satisfies 

\9 - Tx/2\ < t{6*) + r(s|e) {resp. T{r\el)); 
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(2) The fiber TCp ^{x) is {t{6*) + T{s\e)) -perpendicular to horizontal 
suhspaces. 

4. Decomposition 

Let M satisfy ()3.2|) with e < cq. Take points Pi,P2, • • • , of M such 
that the collections {Bp.} and {Bp.} given by Theorem are finite 
coverings of M. We may assume that 

(4.1) d{pi,pj) > 1/10 for every i ^ j; 

(4.2) {Bp^l/lO)} covers M, 

where 5^^(1/10) := {x G Bp^\d{x,dBp^) > 1/10}. By the Bishop- 
Gromov volume comparison theorem, we may assume that the maximal 
number of Bp.^s having nonempty intersection is uniformly bounded 
above by a universal constant Q not depending on M. Let Xp^ C Xp. 
be chosen as in Theorem 13.51 for Bp^ C Bp.. 
For simplicity, we put 

Bi := Bp-, Bi := Bp., Xi := Xp., Xi := Xp.. 

If dimXj = 2, then there exists a local S^-action -j/^j on B^ such that 
Bi/ijji Xi, where VTj := Hp. : Bi ^ Xi is the projection. 

For each j G {1,2}, let denote the set of all i with dimXj = j, 
and consider 

:= U S.. 

ieij 

Let ;Bj := {-Bj I dimXj = j}, j G {1,2}. By Theorem 13.51 each 
element of Bi is either cylindrical or cylindrical with a cap (see Intro- 
duction). 

Lemma 4.1. Each component of Ui is homeomorphic to one of D^, 
P^xl, X I, X D^, K^xl and x I unless Ui = M. 

IfUi = M, then M is homeomorphic to one of the spaces in Theorem 

ro f2). 

Proof. Slightly enlarging closed domains Bi in Bi if necessary, we may 
assume that any two Bi,Bj in Bi has intersection Bi fl Bj which is 
either empty or else having diameter > a*. Since Ui is a part of M 
which looks one-dimensional in the Gromov-Hausdorff sense, it follows 
from ()4.1|) that Ui is a manifold. Suppose that Bi fl Bj is nonempty 
for two domains Bi, Bj in Bi. In the argument below, we may assume 
that Bi Bj and Bj (f_ Bi. Since Bi and Bj are either cylindrical or 
cylindrical with a cap, it follows from ()3.3|) that at least one of Bi and 
Bj, say Bj, has disconnected boundary. Consider the distance function 
dp., where pi is the reference point of Bi. Letting F denote S"^ or T^, we 
know that Bi and Bj have F-fiber structures over J, which is singular 
at the top of the cap. By Lemma 13. 8[ one can construct a gradient- 
like vector field Vi for dp. on a neighborhood of Bj — Bi whose flow 
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curves are transversal to every fiber of Bj lying on a neighborhood of 
Bj — Bi. In view of ()3.3p , it follows that Bi U Bj is homomorphic to Bi . 
Repeating the argument finitely many times, we obtain the conclusion 
of the lemma. □ 

From now on, we assume Ui 7^ M, and consider the decomposition 
of M 

M = f/i U f/2, 

where 1/2 denotes the closure of M — Ui. 

For every fixed component L of dUi, there exists a unique Bi G Bi 
such that a component of dBi coincides with L. Let B^, . . . , B^ denote 
the set of all elements of B2 such that -Bf(l/10) meets L, 1 < i < 
n. Since diam(L) < r^el), B^ contains L. Let Li be the unique 
component of dBf' meeting Bi. Since the domain bounded by L and 
Li is one-dimensional in the Gromov-Hausdorff sense, it follows from 
the curvature condition that B^, . . . , lie in a linear order and for 
every 1 < i ^ j < n 

(4.3) d{dBl:,dB^)> 
and we may assume that 

(4.4) 5^ D L,. 

We denote by f/2 the union of all Bj in B2 which does not intersect Ui. 
Obviously we have 



t/2 = ^2u(U(i?f U---U5^)). 

L 



where L runs over all the components of dUi. 
Lemma 4.2. U2 is homeomorphic to f/2- 

Proof. Fix a component L of dUi again. Let B^ D B^, D 
and 77^ : {B^,B^) — > {X^,X^) be the orbit projection as in Theorem 
13.51 Let Ln denote the component of dB^ corresponding to and 
let U be the domain bounded by L and Ln- Take a point x G f/2 with 
d{x, L) > 1 and a point y G Since every fiber of vr^ meeting U has 
diameter < r(e*), it follows that for every z E U 

(4.5) Zxzy > IT - T{cr*\el). 

Let V be a gradient-like vector field for defined on a neighborhood 
of U. 

Assertion 4.3. The flow curves of V are transversal to both L and 

Proof- Since the transversality to L is immediate from Lemma f3. 81 (1). 
it suffices to check the transversality to L„. For every p G L„, let 
4>p(t) be the flow curve of V with 0p(O) = p. Put q := exp^ (j*V^(p), 
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P '■— '^n{p) denote by ^ the direction at p defined by a minimal 
geodesic to T^^{q)- In a way similar to Lemma 4.6 of yjj, we have 

dK{<Pp{t)).e^Vpti) < t(r(5*) +r(s|e)), 

for every sufficiently small t > 0. This implies that (j)p{t) makes an 
angle with L„ uniformly bounded away from zero. □ 

Now in view of ()4.4|1 . Assertion 14.31 implies U2 — U2- D 

The proof of the following lemma is deferred to Sections El and IHl 

Lemma 4.4. There exists a local S^-action defined on U2, and hence 
on f/2. 

Proof of Theorem M.l\ assuming Lemma \4-4\ Note that each component 
of 81/2 is homeomorphic to S"^ or T^. For each component L of dLf2, 
let W{L) be the component of Ui containing L. Suppose first that L 
is homeomorphic to S"^. Then one of the following holds: 

(1) dW{L) is connected and W{L) is homeomorphic to either 
or P'^xl; 

(2) W{L) is homeomorphic to S"^ x /, and the other component of 
dW{L) is another component of U2- 

Now consider the union 

V:=U2U(]JW{L)^, 

L 

where L runs over all the components of U2 homeomorphic to S"^. Since 
an S'^-action on S"^ is essentially by rotation, the local action on U2 
extends to a local S^-action on V such that the orbit space W{L)/S^ 
is a disk whose singular locus is one of 

(1) an interval on the boundary of W{L)/S^ ( the case of W{L) ~ 

(2) the union of an interval on the boundary of W{L)/S^ and 
a point in int W{L)/S^ of type (2, l)-singularity (the case of 
W{L) ~ P^xiy 

(3) the disjoint union of two intervals on the boundary of W{L) / 
(the case ofW{L) ~ 5^ x /). 

Note also that each component of dV is homeomorphic to and 
having no singular orbits. Therefore Lemma 13.11 implies that is a 
graph manifold. From construction, for each component L of dV, one 
of the following holds: 

(a) dW{L) is connected and W{L) is homeomorphic to either 5*^ x 

or K^xP, 

(b) W{L) is homeomorphic to x /, and the other component of 
dW{L) is another component of dV. 

Thus M is a graph manifold. □ 
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5. Gluing 



Let B (Z Bhe closed domains in a closed orientable three-manifold M 
with sectional curvature K > —1, and let X C X be concentric closed 
metric balls of radii t < t in a two-dimensional complete Alexandrov 
space Z with curvature > —1. Assume that 

(1) the Gromov-Hausdorff distance between B and X (resp. B and 
X) is sufficiently small; 

(2) X G X satisfy the conclusion of Case (B) in Theorem 13 .51 

(3) area(X) > a*; 

(4) 1/10 <t<t + s<i<l, 

where s is as in Let D := X - B{Ss'{Z),r), Z) := X - 

B{Ss*{Z),r). Note that 5*-str. rad(-D) > s. Applying Theorem 13.41 we 
have closed domains N and N of B and B respectively, and an almost 
Lipschitz submersion vr : {N,N) {D,D), which is an S'^-bundle. 

First we need to establish the uniform boundedness of length ratio 
for the fibers of vr : X — > D. 

Lemma 5.1. There exists a( = ({a*,s*,6*) > such that the following 
holds: Suppose that 

(1) for every x E D the length i{x) of the fiber 7r^^(a;) is less than 

C; 

(2) for every x e Dand p E n ^{x), letting 6{p) denote the angle 
between 7r~^(x) and a horizontal subspace atp, we have 

\e{p)-Tx/2\<c. 

Then 

for every x,y G D, where c = c(a*, s) is a uniform positive constant. 

Proof. Suppose the lemma does not hold. Then we have a sequence 
TTj : {Ni,Ni) {Di,Di) of S^-bundles satisfying the assumptions of 
the lemma for Q with \im(i = such that oo, where TT^^(xi) 

(resp. 71^^ (xi)) has the maximal (resp. the minimal) length among all 
the fibers of vr,- over Dj. Note that 




if Di is orientable, 

if Dj is non-orientable. 



Take a finite covering {Ei,Ei) — > (iVj,Xj) along fibers such that the 
length i{xi) of n^^{xi) satisfies 1 < i{xi) < 2, where fci : Ei ^ is 
the natural projection. We may assume that tTj : {Ei,Ei) — > {Di,Di) 
converges to a Lipschitz map if : {E, E) — > [D, D). Note that D <Z D 
are closed domain in some complete Alexandrov surface with curvature 
> —1 satisfying (5*-str. rad(-D) > s. Let x be the limit of Xj, and 
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F := 7r~^{x). Choose a 5*-strainer {{aj,bj)}j=i^2 at x of length s. 
For every p & F, one can take qj G 7i~^{aj) and G 7r~^(6j) such that 
{{qj, Tj)} is a strainer at p and that pqj and pr^ are almost perpendicular 
to F. Since F has a positive diameter, this implies dim^ = 3. Thus 
Ei does not collapse. Since E C Rs*{E), it follows from Theorem 13.41 
that Ei is almost isometric to E for large i in the sense that there 
is a bi-Lipschitz homeomorphism fi : Ei ^ E such that the Lipschitz 
constants of fi and f^^ are close to one. Note that the length of shortest 
nonzero homotopic loops in E has a definite positive lower bound, while 
the length of 7r~^(yj) converges to zero. This is a contradiction. □ 

Let TT : {B,B) (X,X), {D,D) C {B,B), tt : (iV, A^) ^ {D,D) 
and i? C 2^ be as in Lemma IFTl Let A'^i be the set of points p of B such 
that there is a (2, 2(5*)-strainer at p of length > s/2. Note N C Ni. 

Lemma 5.2. Every fiber F ofn contained in Ni is (r(2(5*) + r(s/2|e))- 
perpendicular to horizontal subspaces. 

Proof. It is obvious that 7r(A'^i) is contained in R3s*{Z) and having 35*- 
strainer of length > s/3. Thus Theorem 13.41 together with Lemma (3.81 
(2) yields the conclusion. □ 

Next we consider a gluing situation. Let B and B' C B' be closed 
domains in M, and let tc : B ^ X and vr' : (B', B') (X', X') be 
the orbit maps of local S^-actions, where we assume that X is only 
a topological two-manifold. Here we consider vr : 5 — X as a result 
of gluing of several local S'^-actions {ni : Bi — > Xj}. Note those S^- 
actions are neither isometric nor our gluing will be through isometric 
actions. This is the reason why we assume X to be only a topological 
two-manifold. On the other hand, we assume (X',X'), {D',D') and 
tt' : {N',N') {D',D') are as in Lemma O where D' := X' - 
B{Ss*{Z'),r), D' := X' — B{Ss*{Z'),r), and Z' is a two-dimensional 
complete Alexandrov space with curvature > —1 containing (X',X'). 

Let Ni G B, N[ G B' he defined as in Lemma 15. 2| and suppose 
B n B' is nonempty. 

In the sequel, for a closed domain A of M we denote by A a small 
perturbation of A. 

Lemma 5.3. For a given positive number v there exist 5* = b*{v) > 
and ( = ({u) > such that the following holds: Let n : B —>■ X , 
7i' : {B',B') (X',X') be as above satisfying 

(a) every fiber F of n contained in Ni and F' of -k' contained in N' 
are (-perpendicular to horizontal subspaces; 

(b) any two orbits of n in N with distance < 1 have length ratio 
uniformly bounded as in Lemma \5.1\ 

We also assume that 



(5.1) 



n\dB' nB)c D'. 
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Then we have a local S^- action ip" on a small perturbation B U B' of 
B U B' and a topological two-manifold X" with the orbit projection 
tt" : BUB' X" satisfying 

(1) B U B' is a manifold with boundary, and 

{B U B'){10£') C BUB' C B{B U B' , lOi'), 

where i' denotes the maximal length of fibers of it' meeting dB'n 
B, and {B U B'){m') = {xeBUB'\ d{x, d{B U B')) > lOf }; 
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(2) 

on BUB' - B(B', lOi') 
on B'; 

(3) each orbit ofip" has length < 2i" , where i" denotes the maximal 
length of all fibers of tt and it' intersecting lOi' -neighborhood of 
dB' n B; 

(4) every fiber of it" contained in N'^ is u -perpendicular to horizon- 
tal subspaces, where N'-l is the set of points p of B U B' such 
that there is a {2, 26*) -strainer at p of length > s/2. 

Remark 5.4. Under the situation of Lemma 15. 3[ if both (B, B) and 
(5', B') are as in Lemma 15.11 then by Lemmas 15.11 and 15. 2| B X 
and tt' : {B', B') {X', X') satisfy the assumptions of Lemma 15.31 
except fl5.1|) if r(25*) + r(s/2|e) < ( which is reahzed by 5* < 1 and 
e -C 5*. Note that the proof of Lemma f5. II goes through for A^i as well 
in place of A^. 

For the proof of Lemma 15.31 we need a sublemma. 

Let A be a small neighborhood of TT'{dB' fl B) in n'^dB'), and let C 
be the closure of the intersection of int X with the boundary of the lOi'- 
neighborhood of tt{B (1 B'). Slightly perturbing A and C if necessary, 
we may assume that both are one-manifolds. 

Fix any x,x & A with lOi' < d{x, x) < 20£'. Taking a nearest point z 
of 7r'(7r^-'^(C)) from x, choose any point y G tt{{tt')~^{z)). Similarly we 
choosey G Cforx. Put F' := {tt')-\x), F' := (tt'^^x), F := {TT)-\y) 
and F := {TT)-\y). 

Sublemma 5.5. Under the situation above, there exist 6* = > 
and ( = ({u) > satisfying the following: 

(1) 

i{F) 
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where i{F) denotes the length of F. 
(2) There exists an annulus E {resp. E) in M equipped with an 
-fiber structure via a bi-Lipschitz homeomorphism h : [0, 1] x 
^ E {resp. h : [0, 1] x ^ E) such that 
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(a) F = h{Ox S^) and F' = h{l x S^) {resp. F = h{0 x S^) 
and F' = h{l X S^)); 

(b) for each t G [0,1], h{t x S^) {resp. h{t x S^) ) zs p- 
perpendicular to horizontal subspaces. 

(3) Let [x, x] and [y, y] be the subarcs of A and C respectively, and 
letT he the union of {t{')^^{[x,x\), T[^^{\y,y\), E and E. Then 
the domain D bounded by T has an -fiber structure via a bi- 
Lipschitz homeomorphism k : x D such that 

(a) for each x G dD^ , k{x x S^) coincides with a fiber on T; 

(b) for each x G D^, k{x x S^) is u -perpendicular to horizontal 
subspaces. 





Figure 1. 



Proof. We prove it by contradiction. If the conclusion does not hold, 
we would have a sequence of closed three- manifolds Mj with K > —1 
for which there are Hi : Bi Xi, vr^' : {B[,B[) — > (X-,X-) satisfying 
the assumptions of Sub lemma 15.51 for 5* and — ^ 0, but not 
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satisfying the conclusions for (. Let Ai C dX^, Ci C Xi, Xi,Xi & Ai and 
yiyVi G Ci be defined as above. In particular, lOi'- < d{xi,Xi) < 20i'-, 
where i'^ is defined in a way similar to i' (see Lemma 15.31 (1)). Put 
Fl := in',)-\x,), Fl := {ti^Y^x,), F, := {^i)-\yi) and := 
Let liiiii) and ^[{xi) denote the length of Fj and F/ respectively. Passing 
to a subsequence, we may assume that (^7^Mj,Xj) converges to a 

pointed space (VT, Wq) , where 14^ is a complete Alexandrov space with 
nonnegative curvature. From assumption, we see that W is actually 
isometric to M? x where S\ denotes the circle of length 1. Thus 
for any fixed i? ^ 1, i?; jrj-^Mi) is almost isometric to B(wo, R). 

This together with the condition (a) of Lemma f5.3l implies that ii{xi) 
and the length of any orbit of vTj nearby {7r[)~^{xi) are comparable in the 
sense of Lemma I^TTl Then by 1)5.11) . ^-(xj) and ii{yi) are comparable. 
The above convergence then yields 1, which proves (1). 

Let F, F, F' and F' be the limits of Fj, Fj, F/ and F/ respectively 
under the above convergence. Since F and F' (resp. F and F') can be 
joined by one-parameter family of parallel circles, say E (resp. say E) 
of length 1, Fi and F/ can be joined by one-parameter family, say Fj 
(resp. say Fj) of circles each of which is i/-perpendicular to horizontal 
subspaces for sufficiently large i. Let ipi : B(wo, R) B(xi, R; -pj-^Mi) 
be an almost isometry. Note that the closed domain Di bounded by 
TTY{[yi,yi]), (^Tj) ""^([a^j, Xj,]), Fj and Fj is mapped via onto a do- 
main D bounded by F, F, 7r~^([a;,x]) and TT~^{[y,y]). Note that 
maps horizontal subspaces to horizontal subspaces (see (IHj for the de- 
tails). Since D is isometric to a product H x Si for a rectangle H, 
this gives a compatible S'^-fiber structure on Di each of whose fibers is 
z/-perpendicular to horizontal subspaces. This is a contradiction. □ 

Proof of Lemma \5. M We shall carry out the required gluing procedure 
on each component, say U, of B (1 B' . Let Aq be any component of 
A n ii'{U), and take consecutive points xi, . . . ,xn of Aq with lOi' < 
d{xa, Xa+i) < 20£' for each 1 < a < iV — 1. 
First consider 

Case (A) dB does not meet dB' on U. 

In this case, both Aq and the component Cq of C corresponding to 
Aq are circles. Applying Sublemma 15.51 to x := Xa and x := Xq+i, we 
obtain a closed domain D bounded by 7r^^(Co) and (7r')~^(y4o) having 
an S^-bundle structure via a bi-Lipschitz homeomorphism k : {IxS^)x 
^ D such that 

(1) for each x G 9/ x S*^, A;(x x S^) coincides with a fiber on 
7r-HCo)U(7r')-i(Ao); 

(2) for each x G / x S*^, A;(x x S^) is i/-perpendicular to horizontal 
subspaces. 
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Figure 2. Case (A) 



Case (B) dB meets dB' on U . 

In this case Aq is an arc. In a way similar to Case (A), we apply Sub- 
lemma lKT^ to obtain a closed domain D bounded by 7r~^(Co), {'k')^^{Aq) 
and two annuli joining (7r')^^(9Ao) and (7r')^^(9Co) which has an S^- 
bundle structure via a bi-Lipschitz homeomorphism k : P x ^ D 
such that 

(1) for each x G dl^, k{x x S^) coincides with a fiber on dD; 

(2) for each x E I"^, k{x x S^) is //-perpendicular to horizontal 
subspaces. 

Thus we obtain the conclusion of Lemma f5. 31 □ 

Let u > he sufficiently small like u = 10~^°, and let 6* = 5*(z/) 
and ( = ({u) be the constants given in Lemma (5.31 Letting Q be the 
positive integer in Section HI and setting 

Q-times 

(5.2) C:=m^{^)) ■■■)), S*:=6*{C), 

we choose e in ()3.2|) satisfying 



(5.3) 



T{26*) + r{s/2\e)<C, 
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Figure 3. Case (B) 



where r and a* are defined as in ()3.5|) and ()2.3p . Note that (*, 5*, a* 
and s are universal constants. We also choose a universal constant e[ 
in Corollary Ohke < a*. 

6. Proof of Lemma lOl 

In this section, we shall prove Lemma [4.41 denotes the Hausdorff 
distance in M. 
Put 

:= U ■ • ■ U Bi^, 

for ii, . . . G J2. 

Assertion 6.1. VKe assume that i?j^(l/10) meets Bi^^^^^^i^_^ for every 
2 < J < A;. Then there exist a local -action on Bi^^^^^^i^ and 

a topological two-manifold with the orbit projection Tii^^...,i^. : 

Bij^,...,if. satisfying the following : 
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(1) 

_ J^/'ii,...,ifc_i on gn U • • • U B^^-^ - Bj^ 

(2) is a manifold with boundary, andd'^lBi^ iki-^h ik) ^ 

(3) £'ac/i or6zt of 'ilji^^,„^if, has diameter < r(e); 

(4) There are no singular orbits ofipii,...,ik 0'yer9Xjj^...^jj.— 9*Xj^^...^jj., 
where d^Xi^^ ^i^, is defined as in ()3.1|) . 

(5) Let A^ii....,ij.;i C Bi^^^^^^i^ be the set of points p G Bi^^^^^^i^ such that 
there is a (2, 26*)-strainer atp of length > s/2. Then every fiber 
F o/ contained in A^ii,...,jj.;i is C,^~^{v) -perpendicular to 
horizontal subspaces, where 

(Q — n) -times 

and n denotes the number of Bi containing F. 

Proof. We prove it by induction. Asser t ion 16 . 1 1 cert ainl v holds for k = 1 
by Theorem 13. 5t Lemmas EUt 2) and l5.2l Assume that a local S'^-action 
'^ii,...,ik-i on satisfying Assertion l6.1l has been constructed. For 
simplicity, we set 

B' := Bi^, B' := Bi^,, X' := Xi^, X' := Xi^, 

We shall carry out a gluing procedure on each component, say U, of 
B n B' using Lemma EISl d^X and d^X' are defined as in ()3.ip . Let 
A C y4o, C C X and Cq be defined as in the proof of Lemma EISl 
First consider the case when Aq does not meet B{Ss*{Z'),r), where 
Z' is the Alexandrov space containing X', which implies (7r')~^(y4o) C 
N'. Thus every vr'-fiber in (7r')~^(y4o) is C'^(z/)-perpendicular to hori- 
zontal subspaces. Since 7r~"^(Co) is close to {'k')~^{Ao), we obtain that 
7i~^{Co) C Xjj^. Condition (5) of Assertion 16. II for ipi^^...^i^_^ then 

implies that every vr-fiber in (7r)~^(Co) is (^'5~""'"^(z/)-perpendicular to 
horizontal subspaces. Therefore we can apply Lemma 15.31 to get the 
required gluing of and if}' on a neighborhood joining (7r')~^(y4o) and 

Next consider the other case when Aq meets B{Ss*{Z')^r). In this 
case it follows from the condition (c) of Case (B) of Theorem 13. 51 that 
an endpoint of Aq must be contained in B{d^:X' ,r). 

Take x, x G Aq such that the subarc [x, x\ of Aq is contained in 
X'-B{S5*{Z'),r) and Ao-[ well as X is contained in B{d^X', r). 
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(Jt')'(Ao) 

/ 




Figure 4. 



The G B{d^X',r) may happen. Let y,y E Cq be defined as in 

the proof of Lemma f5. HI for x, ct. Applying (the proof of) Lemma (5 .H^ 
we have a domain D bounded by {tt')~^{[x, x]), 7r~-^([?/, y]) and two 
annuh, say E and E, having a compatible S^-fiber structure via a bi- 
Lipschitz homeomorphism k : x ^ D such that for each x G D^, 
k{x X 5*^) is C'^~"('^)-perpendicular to horizontal subspaces. Note that 
each component, say W, of the domain bounded by {n')~^{AQ — [x, x]), 
7r~^(Co ~ [y^y]) E'-iid E (and possibly E) is a three-disk. Therefore one 
can put a compatible structure of S^-action on W all of whose orbit 
has diameter < r(e). 

From the gluing constructions above, we obtain Bi^ i^ and a local 
5'^-action V'ii,...,^^. on it satisfying the conclusion of the assertion. This 
completes the proof of Assertion Ifj.ll □ 

From ()4.4|) and the gluing argument used in the proof of Assertion 
16. H it is now obvious that U2 — U2- Thus we have completed the proof 
of Lemma 14.41 

7. Thick-thin decomposition 

For a three-manifold A^, we denote by Cap(A^) a three-manifold ob- 
tained by gluing of A^ and some copies of along all the sphere- 
components of dN. 

Theorem 7.1. If M is a closed orientable Riemannian three-manifold 
with sectional curvature K > —1, then we have a decomposition 



M = Mthick U Mthin, 
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satisfying the following: Let eo and 60 be positive numbers given Theo- 
rem \l.l\ 

(1) For every pe Mmck, vo\{B{p, 1)) > eo/2. 

(2) Cap(Mthin) is homeomorphic to a graph manifold z/diam(M) > 

Roughly speaking, Mthin is a piece of M which collapses. 

Theorem 17. II is closely related with a result in where a thick-thin 
decomposition of a closed three-manifold in connection with Ricci flow 
is announced. 

Proof of Theorem \7.1\ If diam(M) < Sq, then we put Mthin '■= M. For 
the proof of Theorem 17.11 we may assume diam(M) > 60. For every 
point p G M, one of the following holds: 

(1) vol B{p, 1) > eo. In this case, we put Bp := B{p, 1) and Xp := 
B{p,l). 

(2) vol-B(p, 1) < eo. In this case, by Theorem 13.51 there exist a 
small perturbation Bp of B{p,l) and a metric ball Xp in some 
complete Alexandrov space X with curvature > — 1 and 1 < 
dimX < 2 such that Bp has a fiber structure over Xp. 

Take points pi,p2, . . . , of M as in Section HI such that the collection 
{Bp-} given as above is a covering of M. Let Xp- be also chosen as 
above. For simplicity, we put 

Bi := Bp., Xi := Xp.. 

If dimXj = 2, then there exists a local S^-action ipi on Bi such that 
Bi/ipi ~ Xi. For each 1 < j < 3, let Ij denote the set of all i with 
dim Xi = j, and consider 

U, := U B,. 

i€Xj 

By Lemm H!T| each component of Ui is either cylindrical or cylindrical 
with a cap. By Lemma (4. 4| we have a small perturbation U2 of U2 on 
which one can construct a local S'^-action. Note that each component of 
Mthin '■= U1UU2 is homeomorphic to S"^ or T^. The argument in Section 
m shows that Cap (Mthin) is homeomorphic to a graph manifold. Now it 
is obvious that for any point p in Mthick := M — Mthin, vo\{B{p, 1)) > 
eo/2. □ 

8. Appendix: Collapsing under a local lower curvature 

BOUND 

In this appendix, we give a short description about collapsing three- 
manifold under a local lower curvature bound, which is discussed in 
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For a positive number e, a closed Riemannian n-manifold (M, g) is 
called e-collapsed under a local lower curvature bound if for each x G M, 
there exists a p, < p < diam(M, (?), with 

(8.1) vol5(x,p) < ep", K>-p~^ on B{x,p). 
Theorem 11.11 extends to the following: 

Theorem 8.1 (Theorem 7.4 iTj). Let eg ^'e a positive number given in 
Theorem M . 1\ If a closed orientable Riemannian three-manifold {M,g) 
is eo-collapsed under a local lower curvature bound, then it is homeo- 
morphic to a graph manifold. 

Let p{x), < p{x) < diam(M, (yf), be the supremum of p > satisfy- 
ing ()8.1|) . By Theorem 13. 5[ a small perturbation Br^ of B{x,p{x)) has 
a singular fibration over a metric ball in some Alexandrov space with 
curvature > — 1 and dimension one or two. Choose a covering {B^i} 
of M such that {B{xi, p{xi)/ 10)} is a maximal disjoint family. Let Ui, 
U2 and M = Ui U U2 he as in Section 0] In a way similar to Lemma 
14.11 one can prove that each component of Ui is either cylindrical or 
cylindrical with a cap. 

Let B2 be defined as in Section |3J 

Lemma 8.2. Suppose B^ and By in B2 satisfy that B{x, p{x) /A) meets 
B{y,p{y)/A). Then 

for some universal positive number C . 

Proof. Assuming p{x) < p{y), we put p{y) = Rp[x). By triangle in- 
equality, B{x, Rip{x)) C B{y,p{y)), where Ri := R/2, which implies 
that 

(8.2) K>~{Rip{x)y^ on B{x,Rip{x)). 
Next we show 

(8.3) yolB{x,Rip{x)) <eo{Rip{x))^ 

if Ri is larger than some uniform positive constatn. In view of the 
maximality of p{x), ()8.2|) and ()8.3j) yield the conclusion of the lemma. 

First note that large parts of B^ and By have S'^-fiber structures. Let 
i denote the length of a regular circle fiber F contained in B{x, p(x)/4)n 
B{y,p{y)/4). Let g^ := p{x)-^g. Since B{y,p{y)/8) C B{x,Rip{x)) C 
B{y,p{y)), Lemma EIU implies 

C-^<voV,5(x,i?,p(x))<C,--^, 

for some uniform positive number Ci. It follows that 

AC^HRlp{xf < Yo\gB{x,Rip{x)) < ACilRlp{xf. 
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Hence ()8.3|) holds if 4Cii < tQRip{x). On the other hand, it follows 
from the assumption and Lemma f5. II that 

Cf^-^ < volg, B{x,p{x)) < eo. 

Therefore we obtain (jHISl) for Ri > ACj. 

We conclude that the constant C in the lemma is given by C = 
8Cl □ 

Lemma 18.21 together with the Bishop- Gromov comparison theorem 
yields a uniform upper bound on the maximal number of intersections 
among the metric balls in 82- Therefore our local gluing argument in 
Sections El and M goes through the present context as well to complete 
the proof of Theorem 18.11 
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